For the form-finding of complex tensegrity structures, such as tensegrity arches as well as tensegrity towers that are considered in this study, we make use of Dynamic Relaxation Method (DRM) to find their configurations at the self-equilibrium state. DRM has great advantages in dealing with complex structures in a simple way, since neither tangent stiffness matrix nor its inverse is necessary. DRM traces the nodal motions of a tensegrity structure due to the out-of-balance forces, and gradually converges to the self-equilibrated configuration subjected to artificial damping. In this study, a simple tensegrity structure is used to tune the parameters so as to improve the convergence performance of DRM. The tensegrity towers as well as arches are considered as numerical examples to demonstrate that DRM is a highly promising method for form-finding of complex tensegrity structures.
Introduction
Compared to conventional structural forms such as trusses, there are two distinct characteristics lying in tensegrity structures 1) : (a) they are free-standing without any support; and (b) their cables in tension are continuous, while the struts in compression are discontinuous.
The existence of prestresses in tensegrity structures leads to difficulties in the determination of their (self-equilibrated) configurations associated with prestresses, since every node has to be balanced by the prestresses in the members. Being free-standing is another source of difficulties, because the existing methods for some other tension structures suspended to supports, such as cable-nets, cannot be directly applied to tensegrity structures.
The process of finding such self-equilibrated configurations for (tensegrity) structures is called form-finding or shape-finding.
There have been a number of methods proposed for the form-finding problem of tensegrity structures. These methods can be categorized as intuition methods, analytical methods, and numerical methods 2) .
Due to the high non-linearity of form-finding problems, only numerical methods are generally applicable to complex structures. In most of the existing numerical methods, it is not easy to find the final configuration with expected appearance. In some other exiting studies, the rigid-body motions have to be artificially constrained, see for instance Ref. 3 .
To solve such problems for form-finding of complex tensegrity structures, we make use of Dynamic Relaxation Method (DRM) in this study. DRM starts from the initial configuration and prestresses given by the designers. Because the self-equilibrium conditions are usually not satisfied with the initial settings, the configuration changes due to the unbalanced forces at the nodes.
Movements (motions) of the nodes are traced according to
Newton's second law, and the artificial damping is incorporated to make the system settle down at the static equilibrium state.
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The length k l of member k can then be computed as follows 
where , ,
x y z n f f f are the out-of-balance forces, and n n E is the force density matrix defined as
Note that diag( ) m m q denotes the diagonal version of q .
When the structure is at the self-equilibrium state without external load, the (self-)equilibrium equations are reduced to Ex Ey Ez 0 .
Dynamic Relaxation Method (DRM)
DRM is an explicit solution technique, which was originally developed for tidal flow computations. DRM deals with static problems in a dynamic manner. DRM has been applied in many different scientific fields, mainly owing to its simplicity in implementation.
Since DRM traces motion of every single node according to
Newton's second law against the external loads, there is no need to compute the (tangent) stiffness matrices as in conventional (non-)linear analysis. This is especially a distinct advantage for application to some special structures, for which the stiffness matrices might be (nearly) singular or difficult to obtain.
Since tensegrity structures are free-standing, their tangent stiffness matrices are singular, and therefore, they are generally non-invertible. Non-linear analysis of tensegrity structures needs artificial constraints 3) or special techniques, such as generalized inverse matrix 9) . DRM can simply avoid this difficulty in the analysis.
In DRM, the motion of the system is traced at every step of small time increments. When the total kinetic energy of the system reaches its local peak, all velocity components are reset to zero, and the process is restarted from the current configuration and axial forces. This kinetic damping associated with the tracing and restarting procedures is continuously applied until the resultant out-of-balance forces are sufficiently small. 
where a and v ( 3n ) are the generalized acceleration and velocity vectors, respectively. f is defined as follows using 
where the non-zero entries in the diagonal matrix m m K are stiffnesses of the members.
In the process of form-finding of a tensegrity structure, we are to search for the configuration associated with the prestresses satisfying the self-equilibrium equations in Eq. (5), or equivalently f 0 in Eq. (7). Hence, DRM is terminated when the mean residual force R defined as follows is small enough:
Moreover, to rule out the influence of masses in kinetic energy of the structure, we use the mean square of velocities defined by
as a criterion for restarting the nodal motions.
The algorithm making use of DRM for form-finding of tensegrity structures is summarized as follows, where the subscript t denotes the time.
Algorithm of DRM:
Step 0. Set the starting time as t:=0. Specify the initial configuration with the generalized coordinates 0 X and prestresses 0 s , and calculate the initial member lengths 0 l .
Specify time interval t for pseudo time history analysis
with zero initial velocities 0 v 0 .
Step 
Step 2.
If the mean square of velocities reaches its local peak;
i.e.,
then reset the velocities to zero; i.e., t t v 0 .
Step 3. If the mean residual force t R is smaller than the specified small value R ; i.e.,
then terminate the algorithm; otherwise, return to Step 1 with the time updated as t t t .
Numerical Examples
In this section, we are to investigate the efficiency of the proposed approach for form-finding of complex tensegrity structures, and moreover, to demonstrate its ability in finding expected configurations. In particular, we consider a tensegrity tower and a tensegrity arch as numerical examples.
Without loss of any generality, the units in the numerical examples in this study will be omitted. This is because the configuration as well as prestresses of a self-equilibrated tensegrity structure can be scaled independently without affecting its self-equilibrium.
Tensegrity Towers and Tensegrity Arches
A tensegrity tower or arch is constructed by assembling the unit cells along a straight line or an arch-shaped curve. ─ 73 ─ In this study, the prismatic tensegrity structures are used as unit cells. Figure 1 shows an example of the symmetric prismatic tensegrity structure. It consists of eight nodes, four struts, eight horizontal cables, and four vertical cables.
In a tensegrity tower or a tensegrity arch, the struts directly 
Parameter Tuning
In the form-finding of tensegrity structures, we are only interested in their final self-equilibrated configurations.
However, the dynamic structural parameters are important to the convergence performance of DRM. Since these parameters do not necessarily correspond to real structures, they can be assigned arbitrarily so as to have better performance. In this subsection, we investigate the convergence performance of DRM with respect to damping coefficient as well as time interval.
Because different member stiffnesses and initial prestresses result in different final configuration, their influence on converge performance will not be taken into consideration.
For the sake of simplicity, we consider the one-story tensegrity tower with four struts as shown in Figure 1 as an example. DRM starts from the initial configuration as shown in Figure 3 Figure 4 . Note that the cases that converge beyond 2,000 steps are omitted in the figure.
As in Figure 4 , the convergence performance is significantly improved when t is increased; this is because larger t leads to larger deformation in each step, and therefore, the algorithm will not be trapped into small fluctuations. However, the algorithm performs poorly when it is too large, i.e., the algorithm does not converge within 2,000 steps if t > 0.5; this is because too large deformations in each step result in difficulty in settling down to the self-equilibrated configurations, especially at the end of the algorithm where small incremental deformations are required.
In the following examples, we use 0.4 t as the standard setting for time interval. The smallest natural period of the structure with the initially specified configuration is 1.91. Note here that the geometrical stiffness is not taken into account in the computation of natural periods, since it has little influence on the smallest period in most cases. Although the smallest period varies slightly during the form-finding process due to configuration changes, the numerical stability of DRM might not be greatly influenced, since it is much larger than the time interval.
─ 74 ─ Next, we investigate the effect of viscous damping coefficient, which is varied from 0.0 to 4.0. The numbers of steps needed for
Algorithm of DRM are plotted in Figure 5 , which shows that the algorithm performs poorly when the damping coefficient is too small or too large. Hence, in the following examples, the standard value for viscous damping coefficient is set as 1.0.
The optimal parameter values are slightly different for each individual case, however, we do not tune the parameters for each example. Instead, the standard settings derived from this simple structure are used. This will be justified to be good enough for the complex structures considered later, because they have similar smallest natural periods to this simple structure. 
Ten-story Tensegrity Tower
In this subsection, we consider a ten-story tensegrity tower, which consists of four struts in each unit cell. The initial configuration of the structure is shown in Figures 6(a iterative steps were needed in our previous study, in which the damping coefficient was 5.0 and the time interval was 0.1 11) .
From the top view of the final configuration of the structure in configuration. This demonstrates that DRM can find the self-equilibrated configuration close to the initially specified one, which might be important in the preliminary design process.
We confirmed that the structure is stable, since its tangent stiffness matrix is positive semi-definite with six zero eigenvalues corresponding to the rigid-body motions.
Tensegrity Arch
In this subsection, we go further to consider the tensegrity arches to demonstrate the applicability of the proposed method to complex structures. A tensegrity arch has the same connectivity as the tensegrity tower in the previous subsection;
however, it has a curved appearance as shown in Figure 9 , in contrast to the straight appearance of the tensegrity tower.
The initial configuration of the tensegrity arch is shown in The center line of the final configuration has a similar appearance to the specified arch, while the distances of the center line from the approximated arch are mostly under 2.5% of radius of the unit cells. Moreover, as can also be observed from Figure 10 , the center nodes of the two ends have relatively large distances, which is about 7.5% of the radius. We confirmed that the structure with the self-equilibrated configuration is stable. 
Conclusions
In this study, we adopted the basic idea of DRM to find the self-equilibrated configurations of complex tensegrity structures.
The algorithm for such purpose is simple, because motion of every single node is traced separately according to Newton's second law; and hence, there is no background knowledge on (non-linear) analysis necessary in DRM.
The tensegrity tower and tensegrity arch consisting of ten simple prismatic tensegrity structures as unit cells have been used as examples. In the numerical investigations, it has been demonstrated that DRM is good at finding the self-equilibrated configurations of complex tensegrity structures. Moreover, DRM can find the final configurations close to the initially specified ones, which might be important to designers.
Although DRM was well known to exhibit poor convergence, it is highly possible to improve its convergence performance by tuning the analysis parameters by using simpler structures.
In this study, the appropriate values of viscous damping coefficient and time interval were obtained by investigating convergence performance of a simple prismatic structure. As a result, DRM finds the self-equilibrated configurations for both of the tensegrity tower and tensegrity arch within acceptable computational costs. If the smallest natural periods are quite different, the masses can be tuned to make them have similar values, although this not the case in the examples studied here.
